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Abstract 
For any integer II z 2 we will construct a 3-manifold which can be described as O-surgery 
on n distinct knots in S3. 
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For a knot K in S3, let (K; 0) denote the 3manifold obtained by longitudinal 
or O-surgery on K, i.e., by attaching a solid torus V to the exterior of K such that 
the meridian of V is mapped to the longitude of K. Then (K; 0) has the same 
integral homology groups as S* x S ‘. Such a 3-manifold is called a homology 
handle. In [3], Gabai settled the Property R conjecture and the Poenaru conjec- 
ture: for a nontrivial knot K, (K; 0) cannot be homeomorphic to S* X S’, and 
(K; 0) is irreducible. He also raised a problem [3, Problem 8.41 which asks to what 
extent a knot K is determined by (K; 0). In particular, one can ask whether K is 
uniquely determined by (K; 0). (See also [22].) In 1181, we showed that if (K; 0) is 
homeomorphic to a Seifert fibered manifold, then it determines the knot. But in 
general the answer to the question is no. Brakes [l] has given examples of 
homology handles with two distinct knot-surgery descriptions long before. Re- 
cently, Gompf and Miyazaki [41 also gave such examples. 
In the present paper, for any integer n 2 2 we will give examples of homology 
handles which can be described as O-surgery on n distinct knots in S’. Our 
construction is based on the idea of dual knots, which have been used in [4]. 
Throughout this paper we will be working in the piecewise linear category. 
Knots will be unoriented, and all other manifolds will be oriented. Let K be a knot 
in S3 and let N(K) be a tubular neighborhood of K. The exterior of K is 
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E(K) = S3 - int N(K). Two knots K, K’ in S3 are equivalent if there exists a 
homeomorphism f: S3 + S3 such that f(K) = K’. Let I/ be a standardly embed- 
ded solid torus in S3, and let J be a knot in I/. We may regard J as a knot in S3. 
The winding number wind,(J) of J in I/ is the integer w 2 0 such that J generates 
WZ in H,(V) = Z. The wrapping number wrap,(J) of J in V is the minimum 
number of (unsigned) points of intersection of J with a meridian disk of I/. 
1. Dual knots 
Let V be a standardly embedded solid torus in S3. We always assume that 
I/ = S’ x II2 is equipped with a preferred framing. That is, a longitude S’ x * 
(* E W2) does not link a core of I/ in S3. Let J be a knot in I’. Then the tubular 
neighborhood N(J) has a preferred framing by regarding J as a knot in S3. 
Identify V with a regular neighborhood of x X S’ in S2 X S1 where x E S2. If J is 
isotopic to x x S’ in S2 x S’, then the dual knot J* in I/ will be defined as 
follows. Let c be a core of the solid torus S2 X S1 - int V. Then J * is f(c), where 
f : S2 x S’ - int N(J) --f I/ is an orientation-preserving homeomorphism such that 
the longitude of N(J) is mapped to that of I’. (We remark that this definition is 
slightly different from that in L41.1 The hypotheses on J imply that wind,(J) = 1. If 
wrap,(J) = 1, then we see that J * =J by using the light bulb theorem (cf. [14]). 
But J* does not always coincide with J. Fig. 1 shows an example borrowed from 
[4]. The knot J in S3 is the connected sum of torus knots T(2, -3) and T(2, 51, 
however J” is prime in S3 (see [4]). 
Lemma 1. Let J be a knot in V, and suppose that there exists the dual knot J * in V. 
Then there is an orientation-preserving homeomorphism g : V - int N(J) + V - 
int N( J *> such that g(W) = aN( J *) and g maps a meridian-longitude pair of V to 
that of N( J * >. 
We use V(J; 0) to denote the manifold obtained by O-surgery on J in V. 
Lemma 2. V( J; 0) (respectively V(J *; 0)) is homeomorphic to E( J *> (respectively 
E( J>> so that a meridian-longitude pair of V is mapped to that of J * (respectively J). 
These lemmas follow immediately from the definition of J *. 
Remark. By Lemma 2, (J; 0) = (J *; 0). That is, the O-surgeries on knots J and J * 
yield the same homology handle. (See [4].) 
2. Main construction 
Let J be a knot in V. If the interior of V- int N(J) admits a complete 
hyperbolic structure of finite volume, then we say that V - int N(J) is hyperbolic. 
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Fig. 1. 
Similarly, if int E(J) admits such a structure, we say that J is hyperbolic (as a knot 
in S3). 
Theorem. For any integer n > 2, there exists a 3-manifold which can be obtained by 
O-surgery on II distinct knots in S3. 
Proof. For i = 1,. . . , II, let .I, be a knot in V which satisfies the following 
properties: 
(i) wrap&,) > 1. 
(ii) The dual knot J,* in V exists. 
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(iii) I/ - int N(J,) is hyperbolic. 
(iv) Ji is hyperbolic (as a knot in S3>. 
(v) 1, and Jj are not equivalent in S3, if i #j. 
Now let K = #F! lJi and let M = (K; 0). We claim that A4 can be obtained by 
O-surgery on YE distinct knots in S3. Let Li = #jn_l,j+iJj and let hi : V+ N(L,) be a 
homeomorphism which takes a meridian-longitude pair of I/ to that of N(L,). 
Then Ki denotes the satellite knot hi(Ji*) in S3 for i = 1, . . . , II. 
Claim. (K,; 0) 3 Mfor i = 1, . . . , 12. 
Proof of Claim. First (K,; 0) E E(L,) U V(Ji*; 0). By Lemma 2, (K,; 0) E E(L,) U 
E(J,). Here a meridian-longitude pair of &!?(J,) corresponds to that of &!Z(Li). 
Now consider K = L,#J,. Then we may decompose E(K) as the union of E(L,), 
E(J,) and the 2-fold composing space IV, which is a (disk-with-2-holes) x S1, so 
that W contains &Y(K). Glue a solid torus A to E(K) so that E(K) UA = M. 
Then W UA = S’ X S’ X I in 44. Thus A4 = E(L,) U E(J,). The boundary identifi- 
cation preserves a meridian-longitude pair. Hence, for any i, (K,; 0) z M. 
It remains to verify that the knots Ki are indeed distinct. To do this, we use the 
torus decomposition [7,8] of the exterior E(K,). That is, E(K,) can be uniquely 
decomposed, up to ambient isotopy, by a family of essential tori into Seifert 
fibered pieces or simple pieces. By Thurston’s uniformization theorem [19], a 
simple piece which is not homeomorphic to a Seifert fibered manifold is hyper- 
bolic. 
By hypotheses on J,, E(K,) has one Seifert fibered piece: the (n - 1)-fold 
composing space. And the others are hyperbolic: V - int NJ,*), E(J,) (1 <j < n, j 
# i). (Recall that I/- int N(J,*) z V- int NJ,).). Moreover, the exteriors E(J,) 
(1 < i < n) are distinct (cf. [6]). This fact satisfactorily distinguishes the knots Ki 
for l<i<n. 0 
Remarks. (1) In the next section we will exhibit knots J, in I/ which satisfy the 
properties stated in the proof of Theorem. 
(2) It is well known that a knot k in S3 is a composite knot if and only if the 
piece containing &5(k) (with respect to a unique torus decomposition of E(k)) is a 
composing space. This implies that our knots Kj are prime. 
3. Examples 
We need examples of knots in V which satisfy the properties stated in the proof 
of Theorem. For i = 1,. . . , II, let Ji be a knot in I/ as illustrated in Fig. 2. Then Ji 
is the pretzel knot P(-3, 5, 2i) as a knot in S3. Hence Ji is hyperbolic, and the 
knots J, are distinct (see [9]). It is straightforward to see that Ji has a dual knot 
J,*. 
Hereafter let J = J, for simplification. We wish to show that V- int N(J) is 
hyperbolic. To do this, we use the tangle method of Nakanishi [12,13] (cf. Soma 
[161X 
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Fig. 2. 
A tangle is a pair (B, t), where B is a 3-ball and t is a set of arcs and zero or 
more loops properly embedded in B. A tangle (B, t) is prime if it satisfies the 
following conditions: 
(i) (Locally trivial) Any 2-sphere in B, which meets t transversely in two 
points, bounds in B an unknotted tangle (i.e., a pair of a 3-ball and an unknotted 
spanning arc). 
(ii) (Inseparable) The arcs and loops of t cannot be separated by a disk 
properly embedded in B. 
(iii) (Zndiuisible) Any disk properly embedded in B, which meets t transversely 
in a single point, divides (B, t> into two tangles, one of which is unknotted. 
A tangle (B, t> is simple if it is prime and contains neither an essential torus 
nor an essential annulus. Here, an essential torus in (B, t) means an incompress- 
ible torus in B - t which is not isotopic to a component of Fr N(t), and an 
essential annulus in (B, t> means a properly embedded incompressible annulus in 
B - t which is not isotopic to a component of Fr N(t) and is not parallel to an 
annulus in aB - at. 
Consider the link L = J UA in S” as illustrated in Fig. 3. The link L is 
decomposed into a sum of two tangles (B,, t,) and (B,, t2) as shown in Fig. 4. 
Lemma 3. (B,, t,> and (B,, t2> are prime. 
Proof. It is easily checked that (B,, t2) is prime. For (B,, t,), locally triviality 
follows from the unknottedness of each arc. Let D be a properly embedded disk in 
B, such that D n tl = f?. Let a, 6, c be the components of ti as shown in Fig. 4. 
Assume that D separates a and b. Then (B,, a U b) must be equivalent to a trivial 
2-string tangle, which consists of two unlinked unknotted arcs. However a trivia1 
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Fig. 3. 
tangle can be added to the trivia1 tangle (B,, a U b) to create the square knot (see 
Fig. 4). So the square knot would be a 2-bridge knot. This is false. Hence, D 
cannot separate a and 6. Assume that D separates c from a U b. Then D divides 
(B,, fl) into two tangles (B’, a U b) and (B”, c>. We see that (B’, a U b) is exactly 
a clasp [lo] (Fig. 5). (Push c into tlB, keeping a U b fixed.). Therefore rl(B, - tl> 
= r,(B’ - a u b)* TJB” - c) G r,(B’ - u U b)* Z. Zeeman 1211 showed that 
r,(B’ - a U b) is not free by using a lower central series (cf. [14, Ch.31). But it is 
easy to see that B, - int N(t,) is homeomorphic to a handlebody of genus 3. 
Hence r,(B, - t,) is free, and then r,(B’ - a U b) is free, which is a contradiction. 
Thus (B,, tl) is inseparable. 
Let D be a properly embedded disk in B, which meets t, transversely in a 
single point. Assume that D n a f 6. If D separates b and c, then D divides 
Fig. 4. 
M. Teragaito / Topology and its Applications 56 (1994) 249-257 255 
Fig. 5. 
(B,, ti) into a trivial 2-string tangle and another, because (B,, a U c) is equivalent 
to a trivial 2-string tangle. Then one can find a properly embedded disk D’ in B, 
with D’ n t, = @, which separates c from a U b. This contradicts that (B,, t,> is 
inseparable. Hence D divides (B,, ti) into an unknotted tangle and another, since 
a is unknotted. The other cases will be established similarly. Thus (B,, t,) is 
indivisible. This completes the proof of the lemma. 0 
Recall that a link 1 in S3 is prime if it is unsplittable, and any 2-sphere which 
meets 1 transversely in two points bounds in S3 a 3-ball meeting 1 in an unknotted 
tangle. Recall also that a knot k in I/ is prime if any 2-sphere in I/, which meets k 
transversely in two points, bounds in I/ a 3-ball meeting k in an unknotted tangle. 
Nakanishi [12] (cf. [ll]) proved that a link which is written as a sum of two prime 
tangles is a prime link. By Lemma 3, the link L = J U A is prime. This implies that 
J is prime in V and therefore wrap,(J) = 3. (Note that windi, = 1.) 
Lemma 4. (I?,, tl) is simple. 
Proof. By Lemma 3, (B,, ti) is prime. Since rr,(B, - ti) is free, B, - t, does not 
contain an incompressible torus. Now suppose that (B,, ti) contains an essential 
annulus A. Then &4 divides as, into an annulus A* and two disks D, and D,. 
Since A is incompressible in B, -t,, D, n t, f # and D, n t, # #. If A* f~ t, = #, 
then A UA* is a torus in B, - t, and therefore it bounds a solid torus in B, - t,. 
This means that A is isotopic to A*. Hence we have A*nt,#@. Let B* be a 
3-ball in B, bounded by D, UA u D,. Then I B* n t, I = 1 or 2. (Here, I X I 
denotes the number of connected components of a topological space X.) If 
I B* n t, I = 1, then 1 D, n t, I = ID, n t, I = 1. From locally triviality, (B*, B* n 
t,) is an unknotted tangle. Hence A is isotopic to a component of FrN(t,) and 
that is a contradiction. Therefore we have 1 B* f~ t, ) = 2. Then A* meets one of 
a, b and c. Now suppose that A* n a # @. The tangle (B,, b u c) is equivalent to a 
trivial 2-string tangle. Thus the torus A Uki* bounds a solid torus in B, - b u c. 
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Let d be an unknotted spanning arc in B* which connects D, and D,. Then d is 
still unknotted in B,. Since A is incompressible in B, - t,, the homomorphism 
rr,(B, - a u B*) + vr,(B, - t,) induced by the inclusion is injective. Hence rr,(B - 
a u d) E r,(B, - a U B*) is free. By the Untangling Theorem [17] (cf. [5]), (B,, a 
U d) is equivalent o a trivial tangle. This contradicts that (B,, tI> is inseparable. If 
A* n b # 0, then a similar argument as above leads to a contradiction. Finally, 
suppose that A* n c # d. Note that (B,, a U b) is simple [13,16]. Thus the torus 
A uA* bounds a solid torus in B, - a U 6. Hence the spanning arc d in B * is 
unknotted in B,. A similar argument as before leads to a contradiction again. 
Thus (B,, tI> does not contain an essential annulus. Hence (B,, t,) is simple. 0 
A link 1 in S3 is simple if it is prime and S3 - I does not contain an essential 
torus. The following lemma is implicitly contained in the work of Nakanishi [12,13] 
(cf. [ 151). 
Lemma 5. Let I be a link in S3 which is written us a sum of two tangles (B,, t,) and 
(B2, t2). Then 1 is simple if the following conditions are satisfied. 
(1) (Bi, ti) (i = 1, 2) are prime and do not contain essential tori. 
(2) (B,, tl) or (B2, tz) is simple. 
Consider the link L =JuA and the tangle (B,, tl) and (B,, t2) again. Since 
B, - int N(t,) is a handlebody, (B,, t l) does not contain an incompressible torus. 
On the other hand, B, - int N(t,) = (S’ x S’ X I) U (two l-handles), where the 
l-handles are attached to S’ X S’ X 1. Then it is easy to see that any incompress- 
ible torus in B, - t, is isotopic to a component of Fr N(t,) (cf. [20]). 
By Lemmas 3 and 4, (Bi, ti) (i = 1, 2) are prime and (B,, tI) is simple. Hence, 
by Lemma 5, L is simple. 
Note that the exterior of L is homeomorphic to V- int N(J). Burde and 
Murasugi [2] showed that if the exterior of a link 1 in S3 is a Seifert fibered 
manifold then each component of 1 is a torus knot. Since J is not a torus knot, the 
exterior of L is not a Seifert fibered manifold. Hence V- int N(J) is hyperbolic by 
[19]. This completes the proof of Theorem. 
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